Abstract. We prove that if graphs of bounded degree are roughly isometric to each other, then the spaces of bounded energy finite solutions of the Schrödinger operator on the graphs are isomorphic to each other. This is a direct generalization of the results of Soardi [5] and of Lee [3].
Introduction
Let G = (V G , E G ) be an infinite graph with no self-loops, where V G stands for the vertex set and E G for the edge set of G. If vertices x and y in V G are the endpoints of the same edge, we say that they are neighbors, and write y ∈ N x and x ∈ N y . The degree of x is the number of all neighbors of x and it is denoted by N x . A graph G is said to be of bounded degree if there is a constant ν such that N x ≤ ν < ∞ for all x ∈ V G . A sequence x = (x 0 , x 1 , . . . , x l ) of vertices is called a path from x 0 to x l with the length l if x k is an element of N x k−1 for each k = 1, 2, . . . , l. We say that G is connected if, for any x, y ∈ V G , there exists a path joining x and y. For x, y ∈ V G , we define d(x, y) to be the minimum of the lengths of paths from x to y. Then it is easy to check that d defines a metric on G. For this metric d, we write
Let us define the energy E q (f ) of a real valued function f on V G by
where |Df | 2 (x) = y∈N x |f (y) − f (x)| 2 and the potential q is a nonnegative function on V G . If E q (f ) < ∞, we say that f is energy finite. For each energy finite function f , define its norm ||f || by
where o is a fixed vertex in V G . Let BD q (G) be the space of all bounded energy finite functions with the norm (1). We denote by BD q,0 (G) the closure of the space of all finitely supported functions in BD q (G). A function h defined on V G is said to be q-harmonic if
for all finitely supported real valued function η on V G . The subspace of all q-harmonic functions in BD q (G) is denoted by HBD q (G). From now on, we assume that each graph is connected and of bounded degree, and each potential is not identically zero, unless otherwise specified. A map ϕ : G → H between two graphs G and H is called a rough isometry if it satisfies the following conditions:
(R) for some positive constant τ , the τ -neighborhood of ϕ(V G ) covers V H ; there exist constants a ≥ 1 and b ≥ 0 such that 
inverse rough isometry of ϕ. Thus being roughly isometric is an equivalence relation (See [1]).
We now introduce a function class F ϕ,q on H, where ϕ : G → H is a rough isometry and q is a nonnegative real valued function on V G . We say that a nonnegative real valued functionq on V H is an element of the class F ϕ,q ifq satisfies the following condition:
(F ) there exist a finite constant C and positive integers σ, κ and m such that for each
(y) and
For any nonnegative real valued function q on V G , the class F ϕ,q is always nonempty (See [3] ). Furthermore, we have the converse relation such that if
Our main result is to prove that each rough isometry between graphs induces an isomorphism between the spaces of bounded energy finite solutions of the Schrödinger operator on the graphs as follows: 
Preliminary
We begin with introducing some notions and relevant results needed in proving our main result. The following is the discrete analogue of the Royden decomposition theorem [4] : Proposition 2.1. Let G be a connected graph being of bounded degree and q be a nonnegative function on V G . Then for every f ∈ BD q (G), there exist unique h ∈ HBD q (G) and g ∈ BD q,0 (G) such that f = h + g.
On the other hand, a rough isometry preserves the energy finiteness of functions as follows:
rough isometry between connected graphs G and H being of bounded degree. Let q be a nonnegative bounded function on
We now introduce the notion of extremal length of a set of paths in a graph G. Let w be a nonnegative function on the edge set E G of G. Define its energy
For a set of infinite paths P G in G, define the extremal length λ(P G ) of P G by
where the infimum is taken over the set of all nonnegative function w on E G such that E(w) < ∞ and e ∈E(x) w(e) ≥ 1 for each path x ∈ P G , where E(x) denotes the edge set of x. In particular, we say that a property holds for almost every path in P G if the subset of all paths for which the property is not true has extremal length ∞. We now collect some relevant results as follows (See [2] , [3] , and [6] ):
Lemma 2.3. Let P G be a set of non-self-intersecting infinite paths from a fixed vertex o to infinity in G. Let f ∈ BD q (G). Then (i) for almost every path x ∈ P G , f (x) = lim f (x) exists and is finite as x → ∞ along the vertices of x;
(ii) if f ∈ BD q,0 (G), then f (x) = 0 for almost every path x ∈ P G ; (iii) if f ∈ HBD q (G) and f (x) = 0 for almost every path x ∈ P G , then f ≡ 0. 
Lemma 2.4. Let ϕ : G → H be a rough isometry between connected graphs G and H being of bounded degree. Let P G and P H be sets of non-self-intersecting infinite paths from fixed vertices o and o = ϕ(o) to infinity in G and
Thus one can define a linear map Φ :
We claim that Φ is well-defined. Let ψ and ψ be inverse rough isometries of ϕ.
To get the claim, we have only to prove
. By the energy finiteness of v, we get
Since (v • ψ − v • ψ )(y) = 0 for almost every path y ∈ P H , by Lemma 2.3,
To get the consequence, it is sufficient to prove that the restriction map
is an isomorphism. We first prove that Φ| HBDq(G) is one to one, i.e., if
• ψ)(y) = 0 for almost every path y ∈ P H . Thus by Lemma 2.4, (v − w)(x) = 0 for almost every path x ∈ P G . This implies that v − w ∈ BD q,0 (G) from Lemma 2.3. We next prove that Φ| HBDq(G) is onto, i.e., for any u ∈ HBDq(H), there is 
for almost every path y ∈ P H . Hence by Lemma 2.3,
• ψ)(y) = 0 for almost every path y ∈ P H . Finally, from the energy finiteness of u, we get
As a corollary, in the case that each potential is identically zero, we get a direct generalization of the results of [5] and [3] .
On the other hand, if a rough isometry ϕ : G → H is bijective, then the inverse map ϕ −1 of ϕ is also a bijective rough isometry from H onto G. In this typical case, q • ϕ −1 is an element of F ϕ,q and the assumption of the boundedness of q can be omitted as follows: 
